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A variational equation is used within the framework of the special theory of re-
lativity, to derive a system of equations of mechanics and electrodynamics de~
scribing the behavior of a polarizable and magnetizable continuous medium,
General dynamic equations are used toderive and assess the relativistic equa-
tions of impulses for a continuous medium, for a number of concrete models of
continuous media.

Let z*, 2, 2® and 2% = ct denote the coordinates in an arbitrarily chosen inertial
frame of reference of the observer with the metric signature (— — — ), and ¢ the
speed of light in vacuum; letalso E!, E2, E® and E¢ = c1 be the coordinates of the
points of the medium in the moving concomitant coordinate system frozen into the me-
dium and z* = z' (E¥) be the law of motion of the medium, We denote by g;; and
gi ; the components of the metric tensor in the observer s system and in the comoving
coordinate e systeqy respectively, g;;dxidzl = g,,dE idtf = ds?; by p = po (EY)
[det | gi;~ — wsu;" |17+ the mass density of the medium; by u' = 9z* / §§¢ the
contravariant components of the four-dimensional velocity vector and by .z-j‘ the deri~
vative dz' / @, (Here and henceforth the lower case Italics indices assume the values
1, 2, 3, 4 and the Greek letter indices the values 1, 2, 3), To describe the effects of the
interaction between the electromagnetic field and the polarizable and magnetizable
medium, we introduce the following antisymmetric electromagnetic field tensors with
the components F;; and H i,

0 B —B E 0 Hy —H, —D!

F — B3 0 B! By pgij_|—Hs 0 H, —D
U=} B2 —Bb 0 E|’ —| H: —H 0 — D3
—E, —Ey —Eg 0 Dt px Dd 0

To obtain the defining equations of electrodynamics and mechanics of continuous me-
dia, we use the variational equation in the form [1]

65Ad~c4+5W*+6W=0 (1

Here dr, denotes a four-dimensional element of an arbitrary volume of the space of
events V,bounded by a three-dimensional surface 2 ;. The volume V, may contain
the surfaces of strong discontinuity § in the characteristics of the electromagnetic field
and the medium, A is the Lagrange function and § W* is a given functional which is
introduced to accouat for the external forces acting on the medium — electromagnetic
field system, and for the irreversible processes taking part within the medium, The func~
tional 8W is defined by specifying A and §W™. The functions subjected to variation
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in the variational equation (1) are the unknown functions of grused to express A and
8W™. The unknown functions of £¥ may be discontinuous, but their variations are, by de~
finition, continuous,

Let us define the Lagrangian A in the following specific form;

1 ik 1 i i .
A =g Fall " + g AVHY — L VA H™) + Mo (af, P, 60, KB) (@

Here A, is the part of the Lagrangian whose dependence on its arguments may vary, de-
pending on the properties of the medium, K® denote the specified tensor components
not subject to variation and characterizing the geometrical and physical properties of the
medium, s is the specific entropy density and 4, denote the components of a vector to
be specified later, The functional §W* can be determined, within the framework of the
phenomena under consideration, by the formula

ow* = \ (80 — Qibai| dv,y + ([F .28 4 76,4, dos )
Vi el

(the choice of the sign preceding the term (,8z' is governed by the choice of the sig-
nature of the metric of the pseudo~Euclidean space (— — —- -}), while the signature
of the metric of the three-dimensional Euclidean subspace is (-+ -+ -+)) . In the for-
mula (3) §(Xe) represents a virtual generalization of the heat influx process; Q:8z" de-
termines, for the real processes, the elementary work done by the external forces and the
external flux of the nonthermal energy to the medium — electromagnetic field system;
F; are the components of the four-dimensional concentrated surface force; ¥ are the
components of the four-dimensional surface electric current vector and 87,4 ; =84 ; +
A,V,;82* is the absolute variation of the components of the vector A; which, for the
case of real increments, yields the increments in the vector components relative to the
intrinsic coordinate system (i, e, in the inertial coordinate system attached to a particle
of the medium and undergoing a translational motion relative to the observer's frame of
reference at the instantaneous velocity of the medium particle).

In the case of equilibrium processes for which the absolute temperature T is specin~
fied, we use the virtual analogy of the second law of thermodynamics

pTds = 8Q¢) + 8Q’ (4

where 8Q’ denotes the generalized variation representing the analog of the uncompen-~
sated heat, We shall assume that in the case of a real process the possible increment in
the amount of uncompensated heat is governed by the following three mechanisms only:
the presence of the properties of viscosity in the medium, the heat conduction process
and the emission of Joule heat, Consequently we can write the corresponding general-

ized expression in the form 5Q" = TiiViji — %614, (5)

Here j* are the components of the four-dimensional electric current vector, and the com-
ponents of the four-dimensional tensor 7,7 determine the viscous and heat conductivity
properties of the medium, . ] ) ) .

Assuming now that §A, = 04, + 82'V;Ay,, SH™ = 0H™ + 82'V;H™, 8s,
8F;, = OF;, -+ 82'V;Fipand 8z' are continuous and linearly independent, and using
the relations (2) — (5), we obtain from (1), for the continuous processes, a system of equa~
tions of electrodynamics and mechanics as well as an expression for the functional Sw.
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(here the variations of the functions are determined in accordance with [2, 3]).
The Maxwell equations are

VkHik = 4“].{ for aAi (6)
Fih =ViAh—VhAi Ly BH”‘

the equations of state are
pT + A,/ 0s =0 mpm Os N

L Y A, AR,
_E}C_H -—a-—m_—o for + OF i

and the impulse equations are
VhPik = Qi for 6:1:1 (8)

LA
W= [Pi"&‘iac1 + —,*;E-HHGLAi] nydas (9
Zri-84

Here nj are the components of the four-dimensional vector of the exterior normal to the
surface 23 + S4 (the subscript -+ means that the integration is carried out on both
sides of the surface of discontinuity S), and the components of the energy — impulse
tensor P;* in (8) and (9) are determined from the relations which, together with (7), re-
present the equations of state

Pk=—-A06k aAo

(X 2% — 2 HYFy 4 o (10)

From Egs. (6) it follows that the vector A with components A, represents a vector po~
tential of the electromagnetic field, Using now Egs, (6) — (8), the relations (10) with
the equatiom of continuity V; (pu’) = 0 for the medium taken into account and the
definition of the derivative with respect to intrinsic time u'V { = c¢-1(d/ dr),we ob-
tain the following scalar entropy balance equation:

oT %i— = cf* Frut — cutVrf +- '%:OT dft +¢V; (a:,,‘:c. —gAﬁ-) (11)
Setting i* = j7‘ — peUt* where P, is the electric charge density, we find that i* repre-
sent the components of the electric condaction current vector, The four-dimensional
invariant ¢i¥*Fyu' = cj*F,u' represents the Joule heat,

We note that within the framework of our model the momentum equations for the
medium — electromagnetic field system follow from the impulse equations and the Max~
well equations, It can be seen that for the real processes A = A,.

Assuming that the variations 8z' and §p.A; are continuous on S, we obtain from the
variational equation the following relations on the surfaces of discontinuity:

[P¥nyls, + F; =0, [H¥n,ls, + 4ny' =0 (12)

This represents the general theory for any A, which is determined by using the thermo-
dynamic postulates referring to the nature of the energy of the medium and the field,
In particular, A, can be given in the form

. . B
Ay = — = Ciji, FUF® — U (2, 5, g:j, K®) (13)
where the following relations hold for the tensor components C; jrl?

Cijhl = Cklij = —Cjikl = '_‘Cijlh
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and U is a scalar function of the thermodynamic parameters of the medium, The sense
of the latter function will be explained below for certain particular cases, When the func-
tion A, is chosen in the form (13) under the assumption that C;jp; = Cijp; (2, S,
KB), the equations of state for the electromagnetic field and the impulse equations for
the medium — electromagnetic field system can be written in the form

Hi]' == Cijlekl (14:)
V(2 pit pos o gig L pmngea, ;2

’[ax; % UoT 4T +T6?{F e, —Q;S—icmnpq]=0i+3i (15)
Ri=— VS, 87 == [H*Fo— 1 FriB™8/ ]

The case when the relation connecting the components of the tensors Hy; and Fy is
nonlinear, can also be described using the framework of the proposed model, if we assume
that the arguments of the tensor function ¢, ), include the components of the tensor
Fon-

For a medium with isotropic electromagnetic properties the components of the ten-
sor C;j;; have the form [2]

1 1
Cijre = 5~ [T; (ViKY — VarVir) + & (QaxttiUy — gixtitdy + (16)

gizuiuk—gizujuk)] v Vij = 8ij — Uildj

where & and p are the coefficients of the dielectric and magnetic permeability of the
medium, In the present model these coefficients can, generally speaking, depend on the
entropy § and the invariants of the tensors z, and KB.

Below we consider the case in which the components of the tensor C;jp; are given
by the formulas (16), € = € (p, §) and b = W (p, 8). Then we can transform Eqs.(15)
which are valid in any inertial frame of reference, to the form

a i a n
[t 0t e
1 ap. mn npq
p(p,z ap + ap>f F ;npunUQ]Vl}"l"
e — mn rlg .
R I

The system of equations (6),(7),(14) and (17) defines, in particular, a model of an elas-
tic body with possible anisotropic mechanical characteristics, Further concretization of
the model involves specifying the form of the scalars U, € and i, and of the compon-
ents of the tensors 1,7 and i¥ as functions of the defining parameters of the model,

As a particular case we consider a relativistic model of an ideal compressible isotro-
pic fluid, assuming that the external energy flux to the medium — electromagnetic field
system is absent, If we also assume that the scalar function U/ depends on the arguments
p, u', sand g; and represents the energy of the medium calculated per unit vloume,
we can write by definition

U = pc® + pUq (p, 9)

where U, is a function of mass density of the additional internal energy of the medium,



A model of continuous medium with electromagnetic effects 33

After the transformation the impulse equations (17) become

d 1 j
(g [Cu1+"“U0u‘] =—V;(pv!)+ Qi+ R; + N; a8
1 o o p M1 ap , 927 mn aU
e T T
. p d[en—1 kjqel
M= =g ae [P PP g

where p denotes, by definition, the total pressure in the fluid,

In the absence of an electromagnetic field, the impulse equations (18) coincide with
the equations of the special theory of relativity,

Let us consider in greater detail the right-hand side of the four-dimensional impulse
equations (18).

In the intrinsic coordinate system the total pressure in the fluid can be written in the

_— f 2 EZ 2 0

and this is often interpreted as the sum of the hydrodynanuc,electrostriction and mag-
netostriction pressures,

Using the three~dimensional vector characteristics in the intrinsic coordinate system
to describe the electromagnetic field in the medium, we can write the first three com~
ponents of the four-dimensional vector /V; appearing in the right-hand side of (18), for
the case of a fluid at rest, in the form

No=2=2 2 (eapy BPHY)
where €a5¢ are the components of the completely antisymmetric three-dimensional
Levi~Civita tensor,

Considering that for a fluid at rest we have d / dv = &/ dv, and using the fact that
the metrics of the four dimensional pseudo-Euclidean space and of the three-dimension-
al Euclidean subspace have different signatures, we can show that the sum R, -+ N, in
the nonrelativistic approximation coincides with the corresponding expression [4] for the
components of the volume ponderomotive force vector acting on the medium from the
direction of the electromagnetic field,

1t should be pointed out that the fourth component of the vector N; appearing in the
right~hand side of (18) is, in the case of a relativistic fluid, usually different from zero,
We note that the components of the four-dimensional vector N; which depend essentially
on the particular properties of the fluid through the parameters £ and W, can be com-
bined with the left-hand side of (18), Subsequently, the left=hand side of (18) can be in-
terpreted as the change in the four-dimensional impulse vector of the medium per unit
intrinsic time, made more complicated by inclusion of polarization and magnetization,
In this case the vector with components R; has the meaning of the four-dimensionalvo-
lume ponderomotive force vector calculated in accordance with the form of the energy—
impulse tensor of the Minkowski electromagnetic field, Clearly, the form of (18) is in-
dependent of the above discrepancy in the interpretation of the medium impulse,

Passing in (18) to the limit, we obtain the nonrelativistic equations of the motion and
the energy equation for a polarizable and magnetizable fluid, We note that the simple
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formulas and conclusions obtained above depend on the important assumptions which
were made about the form of the Lagrangian A, and on the assumption that the medi-
um is mechanically and electromagnetically isotropic,

In the case of anisotropic media the generalized formulas (16) can easily be obtained
by the general methods [5]. After this we can use the four-dimensional impulse equa-
tions in the form (15) to obtain for the media, which are electrodynamically anisotropic,
the exact relativistic impulse equations describing the motions of anisotropic media with-
in the framework of the special theory of relativity,

The system of equations derived here is equivalent to the equations obtained in [3, 6];
the approach used here has, however, a number of advantages, If the medium cannot be
polarized and magnetized, then the system splits into the subsystems of equations of me~
chanics and electrodynamics. (To achieve this it is sufficient to set ¢ = p = 1, while
in the earlier equations [3] such an approach led to certain complications), Setting e =1
and B 5= 1, we obtain a model of a medium which can only be magnetized, while set-
ting e = 1 and p = 1 yields a system of equations describing a medium which can
only be polarized.

We note that if the components of the electromagnetic field tensors F;; and H;; are
linearly connected by relations of the type (14), then by virtue of the definition of the
polarization — magnetization tensor M;; = (Y/,n)(F;; — H;;) the components of the
tensors F;; and M; will also be linearly dependent on each other,

The approach used here can easily be extended to embrace the case when A, depends
on the gradients of the tensor F;;. In this case the second equation of (7) in the system
(6) — (9) becomes 1 ik 9 Ay \

= H +’0F%“V' (av F, ) =0

8" ik

Moreover the expressions for the complements of the tensor PY and the functional W
become more complicated and additional relations at the surface of discontinuity S [2]
are obtained to supplement the system (12),
In conclusion the author wishes to express his deep gratitude to L, I, Sedov for detailed
assessment of this paper.
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